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Abstract
In this paper we study the prize-collecting version of the Gener-
alized Steiner Tree problem. To the best of our knowledge, there
is no generalcombinatorial techniquein approximation algorithms
developed to study the prize-collecting versions of various prob-
lems. These problems are studied on a case by case basis by Bien-
stock et al. [5] by applying an LP-rounding technique which is not
a combinatorial approach. The main contribution of this paper is to
introduce a general combinatorial approach towards solving these
problems through novel primal-dual schema (without any need to
solve an LP). We fuse the primal-dual schema with Farkas lemma
to obtain a combinatorial 3-approximation algorithm for the Prize-
Collecting Generalized Steiner Tree problem. Our work also in-
spires a combinatorial algorithm [12] for solving a special case of
Kelly’s problem [21] of pricing edges.

We also consider thek-forest problem, a generalization ofk-
MST andk-Steiner tree, and we show that in spite of these prob-
lems for which there are constant factor approximation algorithms,
the k-forest problem is much harder to approximate. In particu-
lar, obtaining an approximation factor better thanO(n1/6−ε) for k-
forest requires substantially new ideas including improving the ap-
proximation factorO(n1/3−ε) for the notorious densestk-subgraph
problem. We note thatk-forest and prize-collecting version of Gen-
eralized Steiner Tree are closely related to each other, since the lat-
ter is the Lagrangian relaxation of the former.

1 Introduction

Consider a mailing company that wishes to ship packets
overnight between several pairs of cities. To this end, this
company can build connecting carriers between cities such
that at the end by scheduling the carriers, the company is
able to ship the packets overnight between pairs of connected
cities. Assume the cost of connecting cityi to city j is cij

and the costs are symmetric. In addition, the company has
the choice of leasing other companies for some pairs(i, j)
of cities with costπij so that without any worry the leased
company do the shipment between citiesi andj overnight.
The goal is to build some carriers and lease some other
companies such that the company do the shipments overnight
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with minimum total cost.
The above problem which has also several applications

in design of telecommunications networks and wiring with
different cable types which offer different amounts of capac-
ity and carry different costs (see e.g. [2, 26]) is called the
prize-collecting generalized Steiner tree (PCGST)problem.
In this problem, given a graphG = (V, E), a set of pairs
P = {(s1, t1), (s1, t1), . . . , (s`, t`)}, a non-negative cost
function c : E → Q+, and finally a non-negative penalty
functionπ : P → Q+, our goal is a minimum-cost way of
buying a set of edges and paying the penalty for those pairs
which are not connected via bought edges. Without loss of
generality we assume thatP = V × V , since the penalty of
any pair which is not required to be connected will be zero
(In this paper, byV × V we mean all unordered pairs(i, j)
wherei 6= j.) When all sinks are identical, this problem is
the classic prize-collecting Steiner tree problem. When all
penalties are infinity, this problem is the classic generalized
Steiner tree problem. The best approximation algorithm for
both of these problems is a2− 1

n−1 approximation algorithm
(n is the number of vertices of the graph) due to Goemans
and Williamson [13].

Another variant of the PCGST problem is thek-forest
problem in which with the same setting mentioned for
PCGST, our goal is to buy a minimum-cost set of edges
of G which connect at leastk pairs inP. The problem
is a generalization of the classick-MST andk-Steiner tree
(when we have a common source/sink) for which there are
2-approximation and4-approximation algorithms, respec-
tively (see [6] for a complete literature review of these prob-
lems).

1.1 Related Work. Other problems with the same fla-
vor of the PCGST problem which attracted so much inter-
est recently are themulticommodity connected facility lo-
cation (MCFL) problem and themulticommodity rent-or-
buy (MRoB)problem (see e.g. [2, 4, 15, 16, 20, 23]). In
both of these problems, we are given an undirected graph
G = (V, E) with edgee possessing renting costce and buy-
ing costMce for a parameterM > 1, and a setV × V =
{(s1, t1), (s1, t1), . . . , (s`, t`)} of pairs. In the former prob-
lem, our goal is to open a setF of facilities, assign sources
and sinks to open facilities (on the vertices), and find a sub-
graph(V, H) of G such that for eachh, if sh is assigned to



facility i1 andth is assigned to facilityi2, then there is a path
in (V, H) betweeni1 andi2. The cost of a solution is the sum
of the cost of buying edges inH and the cost of renting edges
in the shortest path (with respect toc) of each demand to its
assigned facility. In the latter problem, our goal is to find a
minimum-cost way of buying some edges, which allow un-
limited use after payment of a large fixed cost, and renting
some edges, with cost incurred on a per-unit of capacity ba-
sis, so that a unit of demand can be sent simultaneously from
each sourcesi to the corresponding sinkti. Interestingly,
Kumar et al. [23] show that anyα-approximation algorithm
for the MCFL problem gives a2α-approximation algorithm
for the MRoB problem. The best approximation algorithm
for these problems is the randomized 6.828-approximation
algorithm of Becchetti et al. [4]. To the best of our knowl-
edge, the only deterministic algorithm with extremely large
constant approximation ratio1 is a complicated primal-dual
algorithm due to Kumar et al. [23] which is a combination
of Goemans-Williamson [13] and Jain-Vazirani [18] primal-
dual algorithms. Intuitively, the main difference between
the MCFL problem and the PCGST problem, the problem
considered in this paper, is that in the former problem the
path between any source-sink pair(sh, th) should go through
rented edges, bought edges and then rented edges while in
the latter problem the path either entirely should go through
bought edges or entirely should go through leased (rented)
edges.

Finally, it is worth mentioning that Bienstock et al. [5]
present an LP-rounding technique to solve prize-collecting
traveling salesman and prize-collecting Steiner tree. A sim-
ilar approach can be used to obtain a 3-approximation al-
gorithm for the PCGST problem. Using a randomized LP-
rounding approach, one can further improve the approxi-
mation factor to 2.54 (see AppendixA that we present the
approach for the sake of completeness). However, the LP-
rounding technique uses Ellipsoid method which is known
to be non-combinatorial and impractical2. In the rest of the
paper, we mainly focus on a general combinatorial technique
through primal-dual schema for the prize-collecting prob-
lems.

1.2 Our Results. We show a novel primal-dual frame-
work which gives a 3-approximation algorithm for the prize-
collecting generalized Steiner tree problem. In addition, we
show that factor three is tight for our primal-dual framework.
Indeed, our primal-dual approach is a general technique
for prize-collecting versions of combinatorial optimization
problems. The prize-collecting generalized Steiner tree

1According to the authors, the approach of the paper only seems suitable
to prove an approximation factor of at least several hundreds.

2One can write the corresponding LPs to be flow-based rather than
cut-based, and then use other LP-solver algorithms. However, during this
reduction the number of variables will be cubic in terms of the number of
original variables and still we cannot obtain a practical algorithm.

problem is just an example for which we have used our gen-
eral approach. It is worth mentioning that prize-collecting
problems naturally appear in game theory and more specifi-
cally in the context of cost-sharing (in which cost share of
an agent cannot be more than the utility derived). These
problems also appear naturally if one wants to use the La-
garangian Relaxation technique of Jain-Vazirani [18] and
Chudak, Roughgarden and Williamson [6] to obtain an ap-
proximation algorithm for the correspondingk-version of the
problem.

Our primal-dual algorithm has some similarities with
Goemans-Williamson algorithm for the prize-collecting
Steiner tree (PCST) problem, however our primal-dual LPs
are considerably different from theirs. In fact, the primal-
dual algorithm for PCST makes a crucial use of the assump-
tion that all commodities have the same sink vertex and
does not obviously extend to the PCGST problem. This is
the same hardness mentioned by Kumar et al. [23], when
they want to extend primal-dual algorithms for single-sink
MCFL/MRoB to general MCFL/MRoB. Indeed, if the graph
G is a tree the PCST problem can be solved in polynomial
time using a simple dynamic programming. However, such
a simple dynamic-programming approach does not work for
the PCGST problem on trees, and we reduce the problem to
an instance of max flow/min cut to solve it polynomially (see
AppendixD). It is worth mentioning, by having the solution
of this problem on trees, one can obtain a logarithmic ap-
proximation ratio for the PCGST problem based on Bartal’s
machinery [3] (or its slight improvement by Fakcharoenphol
et al. [9]) for probabilistically embedding general metrics
into tree metrics.

The first barrier which arises when we consider the
natural generalization of Goemans-Williamson primal-dual
algorithm is dividing the initial penalty (which is in fact the
initial potential) between vertices of each pair. We show
that an incorrect dividing of the initial penalty can make
the approximation factor very large. The second barrier
arises in cost-sharing, the task of allocating the cost of an
object to many users of the object in a “fair” manner, when
two balls (connected components) merge in GW-algorithm.
The last not the least barrier arises in the final removal of
(unnecessary) edges in GW-algorithm. We overcome all
these barriers by writing novel primal and dual LPs and then
make a crucial use of Farkas Lemma. In short, we do not
see any direct and general solution to these barriers which
are also major hindrances in developing primal-dual schema
based algorithm for many other problems (e.g., other version
of the rent-or-buy problem, the Steiner tree problem based on
bidirected LP, the generalized Steiner network problem). In
this paper we propose a clean solution to these issues based
on Farkas lemma. The problem that we solve here should be
taken just as an exemplification of our approach.

Indeed some of the above barriers can be overcome if
we can both increase and decrease the dual variables. To the



best of our knowledge, the only primal-dual (exact and not
even approximation) algorithms which both increase and de-
crease the dual variables are the max-flow algorithm and the
seminal Edmonds’ algorithm for minimum weighted perfect
matching. In a separate paper, we show that we can obtain
primal and dual LPs for these problems such that in the cor-
responding algorithms we only increase the dual variables
(however, when translated back on the original LP both in-
crease and decrease the dual variables) and still we can solve
these problems in polynomial time. Thus, our framework
makes a significant step towards answering the important
open question that asks whether both increasing and decreas-
ing of dual variables can be used to obtain better primal-
dual approximation algorithms for combinatorial optimiza-
tion problems.

Last but not least, we show that in spite of classic
k-MST and k-Steiner tree for which there are constant
factor approximation algorithms, thek-forest problem is
much harder to approximate. In particular, obtaining an
approximation factor better thanO(n1/6−ε) for k-forest
requires substantially new ideas including improving the
approximation factorO(n1/3−ε) for the notorious densest
k-subgraph problem. We note thatk-forest and PCGST
are closely related to each other, since the latter is the
Lagrangian relaxation of the former.

Our work also inspires a combinatorial algorithm [12]
for solving a special case of Kelly’s problem [21] of pricing
edges.

2 Suitable LP Relaxation Using Farkas Lemma

The traditional LP relaxation for the PCGST problem can be
written as:

OPT= min
∑

e∈E

cexe +
∑

i,j∈V

πijzij (2.1)

subject to∑

e∈δ(S)

xe + zij ≥ 1

∀S ⊂ V, (i, j) ∈ V × V, S ¯ (i, j)

xe ≥ 0 ∀e ∈ E

zij ≥ 0 ∀(i, j) ∈ V × V

Here for a setS ⊂ V , we denote|{i, j} ∩ S| = 1 by
S ¯ (i, j).

The dual of the above LP is:
max

∑

S⊂V,S¯(i,j)

ySij (2.2)

subject to∑

S:e∈δ(S),S¯(i,j)

ySij ≤ ce ∀e ∈ E

∑

S:S¯(i,j)

ySij ≤ πij ∀(i, j) ∈ V × V

ySij ≥ 0 ∀S ⊂ V, S ¯ (i, j)

The problem in this dual LP is that there are different
dual variables for each pair of vertices. Consider a situation
where two verticesi and j are replaced by a million of
copies i.e.,i is replaced byi1, i2, · · · and j is replaced by
j1, j2, · · · . Also the original penalty betweeni and j is
replaced by its millionth betweeni1 andj1, andi2 andj2,
and so on. By this reduction we did not logically change
the original instance but the execution of a primal dual
algorithm which treats eachySi1j1 , ySi2j2 , · · · independently
can change significantly. Ability to raise dual variables
independently to a specific goal is what really constitutes
a primal-dual schema. In fact, it is not hard to create
counterexamples that such an approach will not work. On the
other hand if we raiseySi1j1 , ySi2j2 , · · · in some dependent
manner then we will need to deal with cost-sharing, i.e.,
distributing the rate of increase. If we raise uniformly then a
pair of vertices can bias the dual raise in its favor by creating
multiple copies as shown in the above example. We do not
see any direct solution to this problem, which is also a major
hindrance in developing primal-dual schema based algorithm
for many other problems (e.g., other version of the rent-or-
buy problem, the Steiner tree problem based on bidirected
LP, the generalized Steiner network problem). In this paper
we propose a clean solution to this issue based on Farkas
lemma. As mentioned before, the problem we solve should
be taken as an exemplification of our approach.

We create a new dual variableyS which is the sum of
all ySij ’s, wherei andj are separated byS. We will treat
yS as an independent dual variable in our LP. We will not
fix in advance any arrangement of distributingyS among the
ySij ’s. Instead we will let the dual solution adapts itself to
accommodateySij ’s. A more rigorous way is to eliminate
the issue of cost-sharing altogether by eliminating the dual
variablesySij ’s. With this substitution ofyS , the dual LP
2.2becomes:

max
∑

S⊂V

yS (2.3)

subject to

yS ≤
∑

(i,j):S¯(i,j)

ySij ∀S ⊂ V

∑

S:e∈δ(S)

yS ≤ ce ∀e ∈ E

∑

S:S¯(i,j)

ySij ≤ πij ∀i, j ∈ V

ySij ≥ 0 ∀S ⊂ V, S ¯ (i, j)

yS ≥ 0 ∀S ⊂ V

LEMMA 2.1. Dual LPs 2.2 and 2.3 are equivalent.

Proof. Suppose we have a solution for dual LP 2.2; we can
assignyS =

∑
(i,j):S¯(i,j) ySij for eachS ⊂ V , which is



a solution to dual LP 2.3. Suppose we have a solution for
dual LP 2.3. Without loss of generality we can assume that
the first set of constraints is tight; if not then we can decrease
ySij without affecting the objective function (here we use
that yS ≥ 0). Once we haveyS =

∑
(i,j):S¯(i,j) ySij , we

can replaceyS to get a solution for dual LP 2.2. 2

Note thatySij ’s do not appear in the objective function,
so they can be classified as auxiliary variables. So the
idea of the primal dual algorithm is to raise dual variables
yS ’s (according to some rule) and let the LP itself keep
accommodating the auxiliary variables (which may increase
or decrease). In other words we raise dual variablesyS ’s and
keep testing whether feasibleySij ’s exist, so in essence we
do not decrease the actual dual variable but may decrease
the auxiliary dual variables. Intuitively, we freeze someyS

if increasing it by infinitesimally small epsilon results in the
non-existence of feasibleySij ’s. Formally, we need to find
the condition when feasibleySij ’s do not exist. This can be
done using Farkas lemma.

Supposeα : 2V → R+ is a function from the powerset
of V to the non-negative real numbers. For convenience we
use the notationαS to denote the value ofα at S. Consider
a feasible solution of the dual LP 2.3. Using the first set of
constraints we get:

∑

S⊂V

αSyS ≤
∑

S⊂V

αS

∑

(i,j):S¯(i,j)

ySij

Changing the order of summation on the right-hand side
we get:

∑

S⊂V

αSyS ≤
∑

(i,j)∈V×V

∑

S:S¯(i,j)

αSySij

The right hand side can be increased further to yield:

∑

S⊂V

αSyS ≤
∑

i,j∈V

∑

S:S¯(i,j)

( max
S:S¯(i,j)

αS)ySij

This simplifies to:

∑

S⊂V

αSyS ≤
∑

i,j∈V

( max
S:S¯(i,j)

αS)
∑

S:S¯(i,j)

ySij

Along with the third set of constraints in dual LP 2.3 this
gives us:

∑

S⊂V

αSyS ≤
∑

i,j∈V

( max
S:S¯(i,j)

αS)πij

This inequality does not haveySij . Farkas lemma tells
us that if we fix theyS ’s so that the feasibleySij ’s do
not exist then we must have a functionα (dual variables
corresponding to the first set of inequalities in dual LP 2.3) so

that the above inequality is violated (see Schrijver books on
linear and integer programming [27], Corollary 7.1.f.) Here,
dual variables corresponding to the third set of inequalities
are (maxS:S¯(i,j) αS). Thus in essence if we enforce the
above inequality for all functionsα, we get the condition
on thoseyS ’s for which feasibleySij ’s exist. Hence using
Farkas lemma, the dual LP 2.3becomes:

max
∑

S⊂V

yS (2.4)

subject to∑

S:e∈δ(S)

yS ≤ ce ∀e ∈ E

∑

S⊂V

αSyS ≤
∑

i,j∈V

( max
S:S¯(i,j)

αS)πij ∀α

yS ≥ 0 ∀S ⊂ V

The second set of constraints is actually infinity in
number, but only a finite number of them are actually
necessary. This is because the set of feasibleyS ’s is a
polytope. Let us now try to simplify dual LP 2.4.

LEMMA 2.2. It is sufficient to considerα’s having only one
positive value in its range.

Proof. Take anα. Suppose it is taking two positive values
in its range. SupposeM1 is the maximum value in its
range andM2 is the second maximum value in its range.
Considerα1 which takes valueM1 −M2 wheneverα takes
valueM1, otherwiseα1 takes value zero. Considerα2 =
α − α1. Note that the constraint corresponding toα can
be derived by adding the constraints corresponding toα1

and α2. Furthermore, the cardinality of the range ofα2

is decreased by 1. Rest of the proof can be completed by
induction. 2

COROLLARY 2.1. It is sufficient to considerα’s taking
value from{0, 1} i.e.,α can be thought of denoting a family
of subsets ofV .

We denote a family of subsets ofV by S =
{S1, S2, . . . , S`}. For a familyS, we write S ¯ (i, j), if
there exists anS ∈ S such thatS ¯ (i, j). The dual LP 2.4
becomes:

max
∑

S⊂V

yS (2.5)

subject to∑

S:e∈δ(S)

yS ≤ ce ∀e ∈ E

∑

S∈S
yS ≤

∑

(i,j)∈V×V,S¯(i,j)

πij ∀ family S

yS ≥ 0 ∀S ⊂ V



Define a functionf : 22V → R+. For every family,
S, f(S) is defined as the right-hand side of the inequality
corresponding toS in dual LP 2.5, i.e.,

f(S) =
∑

(i,j)∈V×V,S¯(i,j)

πij .

LEMMA 2.3. f is a submodular function, i.e.,f(S1) +
f(S2) ≥ f(S1 ∩ S2) + f(S1 ∪ S2)

Proof. We note that for(i, j) ∈ V × V , if S1 ¯ (i, j) or
S2 ¯ (i, j), thenS1 ∪ S2 ¯ (i, j), and visa versa. However,
for (i, j) ∈ V × V , if S1 ∩ S2 ¯ (i, j), thenS1 ¯ (i, j) and
S2 ¯ (i, j). The proof immediately follows from these two
facts. 2

Note that this lemma is analogous to the submodularity
of the st-cut. Indeed this lemma is also stronger than the
notion of proper functions, weak supermodularity, and weak
submodularity considered in the context of Steiner edge con-
nectivity and Steiner element connectivity problems. There
we usually have two inequalities and the function needs to
satisfy one of them. The simplicity and the strength of this
lemma is not a surprise. If we go back and observe the sec-
ond set of inequalities in Dual LP 2.5,it looks like the Hall’s
condition for bipartite graphs. This is more formally cap-
tured as the following lemma:

LEMMA 2.4. Construct a bipartite graph. One side of the
bipartite graph is2V and the other side of the bipartite graph
is V × V . We put a directed edge of infinite capacity fromS
to ij if S ¯ ij. In addition we have two more nodess and
t. We put directed edge of infinite capacity froms to all S’s.
For everyij we put a directed fromij to t of capacityπij .
The Dual LP 2.5is maximizing the flow in this graph froms
to t subject to the first set of constraint in Dual LP 2.5.

Proof. Proof follows from the classic max-flow min-cut
theorem. 2

We say that an edgee ∈ E is tight, if for e, the first
constraint of dual LP 2.5 holds with equality. We call a
family S ∈ F is tight, if for S, the second constraint of
dual LP 2.5holds with equality.

COROLLARY 2.2. Supposey is a feasible solution to dual
LP 2.5. Suppose the constraints corresponding to family’s
S1 and S2 are tight, then the constraint corresponding to
family’sS1 ∪ S2 andS1 ∩ S2 are also tight.

Proof. By Lemma2.3, sincef(S) is submodular, we have
∑

(i,j)∈V×V : S1¯(i,j)

πij +
∑

(i,j)∈V×V : S2¯(i,j)

πij

≥
∑

(i,j)∈V×V : S1∩S2¯(i,j)

πij +
∑

(i,j)∈V×V : S1∪S2¯(i,j)

πij .

Sincey is feasible and the left hand side is modular,
∑

S∈ S1∩S2

yS +
∑

S∈ S1∪S2

yS =
∑

S∈ S1

yS +
∑

S∈ S2

yS

These two facts show that bothS1∩S2 andS1∪S2 are tight.
2

3 The Primal-Dual Algorithm

Now, we are ready to present a primal-dual algorithm for the
PCGST problem.

Algorithm A
Input: An undirected graphG = (V, E), edge costsce ≥ 0

for e ∈ E, and penaltyπij ≥ 0 for (i, j) ∈ V × V .
Output: A forestF ′, and a set of pairsQ not connected viaF ′.
begin
1 let F ← ∅
2 implicitly setyS ← 0 for all S ⊂ V
3 let G ← {{v} : v ∈ V }
4 for each(i, j) ∈ V × V
5 set(i, j) unmarked
6 for each connected componentC ∈ G
7 setC active
8 let yC ← 0
9 while there exists anactiveconnected componentC ∈ G
10 find minimumε1 s.t. if we increaseyC of eachactive

C ∈ G by ε1 we get a new tight edgee = {i, j} ∈ E
with i ∈ Cp ∈ G, j ∈ Cq ∈ G, Cp 6= Cq

(see section4 )
11 find minimumε2 s.t. if we increaseyC of eachactive

C ∈ G by ε1

we get a new tight familyS (see Section4 )
12 let ε = min(ε1, ε2)
13 let yC = yC + ε for all activeC ∈ G
14 if ε = ε2

15 setall pairs(i, j) ∈ V × V which have run out of
potentialmarked(see Section4 )

16 setall S ∈ S inactive
17 else
18 let F ← F ∪ {e}
19 let G ← G ∪ {Cp ∪ Cq} − {Cp} − {Cq}
20 let yCp∪Cq ← 0
21 setCp ∪ Cq active, except when there is no

(i, j) ∈ V × V such thatCp ∪ Cq ¯ (i, j)
22 let F ′ is derived fromF by removing as many edges as

possible so that everyunmarkedpair is connected inF ′

23 letQ be all pairs not connected viaF ′

end
Since we only growy variables for a polynomial number

of sets, checking whether an edge is tight is easy. In
Section4, we show how we can find out the next tightness
event for families. Note that this is especially important,
since the number of families is doubly exponential.

4 Algorithm for Finding Next Event

Let y∗S ’s be the current solution to Dual LP 2.5andS be the
current family of active sets. We want to find out what is



the maximumε we can add in all the active dual. There
are two restrictions on maximumε, first set of constraints
and the second set of constraints in Dual LP 2.5.There are
only linear number of first set of constraints and one can find
maximumε, sayε1, which this set of constraints allow to add
in all the active duals. So we only need to find maximumε,
sayε2, which the second set of constraints allow to add in
all the active sets. Following lemma2.4 we can routey∗S ’s
dual in the bipartite graph described in lemma2.4. We want
to route additional maximum flow, which should be equal
through all the active sets. We call such a flowequal flow,
which in spirit is quite similar to the balanced flow used in
[8]. The following lemma characterize the maximum equal
flow (ε2) through the active sets.

LEMMA 4.1. Construct the bipartite graph as done in
lemma2.4. Delete all the vertices except those which cor-
responds to either positive duals (according toy∗S) or active
duals. Note that we kept only polynomial number of vertices
and have deleted all others. Change the capacity on edges
from s to S to y∗S , if S is not an active set; and toy∗S + ε2 if
S is an active set. No other change is required.

ε2 is maximum equal-flow which can be routed if and
only if there are at least two minimumst-cut, one separating
all active sets (in fact all sets) froms and another keeping at
least one active set on thes side.

Proof. Note thaty∗S flow through inactive sets andy∗S + ε2

flow through active sets can be routed, hence if these are
the corresponding capacities thens separated from all other
vertices is a minimumst-cut (its capacity is the same as a
flow).

Suppose there is another minimumst-cut which keeps
an active set ons side. Suppose there arek active sets. If
we increaseε2 by some amount, sayδ, then the capacity of
this cut will be strictly smaller than the capacity of the cut in
which s is separated from all other vertices. Hence we will
not be able to route additionalε2 + δ equal-flow.

On the other hand suppose all the minimumst-cuts
separate all the active sets froms. In other words if we insist
to keep at least one active set on thes side then the capacity
of the minimum cut will be strictly more than the capacity
of the actual minimum cut. LetD be the difference between
these capacities. If we increaseε2 by D/k then the capacity
of all the minimum cut increases byD. Hence we can route
an additionalε2 + (D/k) equal-flow. 2

This lemma gives us an iterative algorithm to find max-
imum equal-flow. We start with an upper bound onε2.
A good upperbound is(

∑
ij πij −

∑
S y∗S)/k. Set ε2 =

(
∑

ij πij −
∑

S y∗S)/k. We compute the minimal minimum
st-cut (i.e.,s side is set theoretically minimal). Suppose this
minimum cut, call itT , separates all the active sets froms
then we have the condition of the lemma. So assume thatT
separates onlyk′ number of active sets froms, wherek′ < k.

Let the capacity ofT is D less than the capacity of the mini-
mum cut which separatess from all the sets. We decreaseε2

by D/(k − k′), which makes the capacity ofT equals to the
capacity of the cut which separatess from all other vertices.
We compute the minimal minimum cut again. If this new cut
separatess from all the other vertices then again we have the
condition of the lemma. If not then the claim is that the new
cut separates strictly more thank′ active vertices froms. In-
deed, otherwise the decrease in the capacity of cuts, which
separates less than or equal tok′ active vertices, is at most
k′D/(k − k′), which is also the decrease in the capacity of
T . So among these cutsT is still the minimum cut. This
proves the claim.

THEOREM 4.1. ε2 can be found by at most linear number
of maxflow computations.

The active sets which need to be freeze can also be
obtained from this bipartite graph. Useε2 as found above
and find the maximal minimumst-cut. All the active sets on
the s side need to be frozen. The reason is if we add any
furtherε to any of the active dual ons side thenS separated
from all other vertices does not remain a minimumst-cut.

Finally it is worth mentioning that in the full version
of this paper, we propose a more general combinatorial
algorithm to find tight sets which also can be applicable for
a wide range of prize-collecting problems.

5 Analysis

First we consider the time complexity of the algorithm. The
main loop of the algorithm terminates when all connected
components ofF are inactive. Since in each iteration the
sum of the number of components and the number of active
components decreases, the loop terminates after at most
2n − 1 iterations. Since the most time-consuming part of
the loop is finding a tight family which can be done in
polynomial time, the total running time of the algorithm is
polynomial.

Now, we consider the approximation factor of the algo-
rithm.

THEOREM 5.1. The Algorithm A outputs a forestF ′ and a
set of pairsQ which are not connected viaF ′ such that

∑

e∈F ′
ce +

∑

(i,j)∈Q
πij ≤ (3− 2

n
)

∑

S⊂V

yS ≤ (3− 2
n

)OPT

The second inequality is easy sinceyS ’s form a feasible
solution for the dual. The proof of the first inequality follows
immediately from the following two lemmas.

LEMMA 5.1. The sum of penalties of marked pairs inF is
at most

∑
S⊂V yS .



Proof. We mark a pair only if it belongs to a tight family.
Using corollary2.2 union of tight families is a tight family.
The constraint corresponding to this tight family proves the
lemma. 2

LEMMA 5.2.
∑

e∈F ′ ce ≤ (2− 2
n )

∑
S⊂V yS .

Proof. The idea of the proof is similar to that of Goemans-
Williamson [13] and is also not an emphasizing point of this
paper. The proof is moved to the appendixC. 2

Finally it is worth mentioning that the ratio three be-
tween the cost of the resulting solution from Algorithm
A and the sum of dual variables, i.e.,

∑
S⊂V yS is tight.

Consider the following example. GraphG contains a path
a, s1, . . . , sn, b where all edges of this path have length2+ε.
Also there is a nodet whose distance from all vertices in the
path is∞. The penalty for pair(a, b) is ∞, the penalty for
pair (si, ti), 1 ≤ i ≤ ` is 1, and the rest of the penalties are
zero. One can easily observe that for this graph and these
penalties, the algorithm stops when

∑
S⊂V yS = n + o(1).

However the total cost of the optimal solution, which buys all
edges of the path and pays the penalties1 for pairs(si, ti),
1 ≤ i ≤ `, is 3n + o(1). Note that in this case, Algorithm A
outputs the optimal solution also.

6 Hardness Fork-Forest

In this section3, we show an interesting relation between
the k-forest problem and the densestk-subgraph problem.
Formally, we show that if there is a polynomial timef -
approximation algorithmA for the k-forest problem, then
there is a polynomial time2f2-approximation algorithm
for the densestk-subgraph problem. Given a graphG
and a parameterk, the densestk-subgraph problem is to
find a set ofk vertices with maximum number of induced
edges. The densestk-subgraph problem is well-studied in
the literature [11, 22]. The best known approximation factor
for the densestk-subgraph problem isO(n1/3−ε) for some
small ε > 0 and improvement is known to be difficult
[10, 22]. The connection betweenk-forest and the densestk-
subgraph problem suggests that obtaining an approximation
factor better thanO(n1/6−ε) for k-forest would require
substantially new ideas.

We state the reduction in two steps. First we consider
minimumk-edge coverage (MkEC), which is the minimum
number of vertices in a graphG whose induced subgraph
has at leastk edges, and mention its relation to densestk-
subgraph.

THEOREM 6.1. If there is a polynomial time f -
approximation algorithmA for MkEC, then there is a
polynomial time 2f2-approximation algorithm for the
densestk-subgraph problem.

3This section is based on a joint work with Lap Chi Lau.

Proof. Given a graphG with m edges, we would like to
find a set ofk vertices with maximum number of edges in
the subgraph induced by this set. We useA to find the
approximate solution for MkEC of the graph. Supposel is
the maximum number of edges in the MkEC problem for
whichA outputs a solutionY with at mostk vertices. That
is, there arel edges in the subgraph induced byY , and the
approximate solution returned byA when l + 1 edges are
required to be covered contains at leastk+1 vertices. Let the
optimal solution to the densestk-subgraph problem contain
opt edges. We shall prove thatopt ≤ 2f2l and thusY is a
solution to the densestk-subgraph problem which is within
a factor of 1

2f2 to the optimal solution.
By our choice of l and the fact thatA is an f -

approximation algorithm, anykf vertices ofG can induce at
mostl edges. Consider a subsetX with k vertices. The total
number of edges induced by all possible subsets ofk

f ele-

ments ofX is at most
(

k
k
f

)
l. Notice that each edge is counted

exactly
(

k−2
k
f−2

)
times. So, the total number of edges inX is

at most

(
k
k
f

)
l

(
k−2
k
f−2

) =
k(k − 1)
k
f ( k

f − 1)
l ≤ f2l(

k − 1
k − f

) < 2f2l

(The last inequality holds since we can assume without loss
of generality thatk > 2f , otherwise, any single edge is
a 2f2-approximation). SinceX is an arbitrary set withk
vertices,opt ≤ 2f2l and this completes the proof. 2

Next we mention the relation between MkEC andk-
forest.

THEOREM 6.2. If there is a polynomial time f -
approximation algorithmA for k-forest, then there is
a polynomial timef -approximation algorithm for MkEC.

Proof. For a graph instanceG = (V, E) of MkEC, we
construct an instance of thek-forest problem as follows.
First, we construct a star graphS with a centerc and a
unit-cost edge{c, v} for eachv ∈ V (G). For each edge
{u, v} ∈ E(G), we put a commodity pair(u, v) in P. Now,
it is easy to observe that any subgraph ofS which connects
at leastk commodity pairs corresponds to a set of vertices
whose induced subgraph has at leastk edges and visa versa.
The desired result follows immediately. 2

The following theorem follows immediately from The-
orems6.1and 6.2.

THEOREM 6.3. If there is a polynomial time f -
approximation algorithmA for k-forest, then there is
a polynomial timeO(f2)-approximation algorithm for the
densestk-subgraph problem.



In particular, Theorem6.3 shows that any algorithm with
approximation factor ino(n1/6−ε) improves the best current
approximation factor for the densestk-subgraph problem.
Also note that Theorem6.2shows that thek-forest problem
even on stars is hard.

7 Discussion and Open Problems

In this paper we see that a straightforward LP sometimes
can raise cost sharing issues. These issues could be tackled
more easily with a different LP which altogether could be
impossible to imagine. In AppendixB, we give the primal
LP for dual LP 2.5, which is really the LP we used. As
one can see Primal LP B.1 is very hard to imagine directly
- it has doubly exponential number of variable. We also
see a systematic procedure to eliminate cost sharing issues
using Farkas lemma. If we go back, we will see there is
not a lot we used from the Goemans-Williamson’s paper on
constraint forest [13]. As it seems this technique of primal-
dual is a general combinatorial and practical method to solve
other prize-collecting problems4. Indeed this is also the case
with the rounding technique we presented in this paper (see
AppendixA). Prize-collecting problems appear naturally in
cooperative game theory. Penalty functionπ can be thought
of the maximum price a user is ready to pay for a shared
resource. So we would like to distribute a cost of shared
resource(s) among its users. As shown in numerous papers
[17, 19, 25, 7] primal-dual schema has an important role
to play in designing cost sharing methods. This makes our
primal-dual technique even more useful.

An immediate open problem is that whether we can
obtain a primal-dual algorithm for the PCGST problem with
a better approximation factor (ideally two). Considering
the PCGST problem when we have costs on the nodes
instead of edges (see e.g. [1, 14, 24]) is another interesting
open area. The other important problem is to get better
approximation ratios for multicommodity connected facility
location and multicommodity rent-or-buy problems. The
framework proposed in this paper could play an instrumental
role not only in getting better understanding of the current
algorithms for these problems but also in getting a better
algorithm or a better analysis of a current algorithm.
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A LP Rounding

In this section, we use the LP-rounding technique to give an
approximation algorithm with ratio 1

1−e−1/2 ≈ 2.54 for the
PCGST problem. First, we write the LP as follows

OPT= min
∑

e∈E(G)

cexe +
∑

(s,t)∈V×V

πstzst

such that ∑

e∈δ(S)

xe + zst ≥ 1

∀(s, t) ∈ V × V & ∀S ⊂ V for whichS ¯ (s, t)

xe ≥ 0 ∀e ∈ E(G)

zst ≥ 0 ∀(s, t) ∈ V × V

Consider a parameter0 ≤ α < 1. For all pairs(s, t)
with zst ≥ α, we roundzst to one, i.e., we pay the penalties
for these pairs. We call these pairsQ. One can easily observe
that if we setx′e = 1

1−αxe. Then
∑

e∈δ(S) x′e ≥ 1 for all
(s, t) ∈ Q and for allS ⊂ V such thatS ¯ (s, t). It means
x′ is a fractional solution of generalized Steiner tree for pairs
in Q. Using the 2-approximation algorithm of Goemans-
Williamson we can obtain an integer solution with cost at
most2

∑
e∈E(G) cex

′
e. It means we can obtain a solution of

total cost at most2
∑

e∈E(G)
1

1−αcexe +
∑

(s,t)∈Q πst. Let
0 ≤ β < 1 be a parameter to be fixed later. We chooseα
uniformly at random within interval[0, β]. Then we have

E[SOL] = E[2
∑

e∈E(G)

1
1− α

cexe +
∑

(s,t)∈Q
πst]

= E[2
∑

e∈E(G)

1
1− α

cexe] + E[
∑

(s,t)∈V×V &zst≥α

πst]

= E[
2

1− α
]

∑

e∈E(G)

cexe +
∑

(s,t)∈V×V

πst Pr[zst ≥ α]

≤ (
∫ β

0

1
β

2
1− α

dα)
∑

e∈E(G)

cexe+
∑

(s,t)∈V×V

πst(
∫ zst

0

1
β

dα)

=
2 ln(1/(1− β))

β

∑

e∈E(G)

cexe +
1
β

∑

(s,t)∈V×V

πstzst

Now, by setting β = 1 − e−1/2, E[SOL] ≤
1

1−e−1/2 (
∑

e∈E(G) cexe +
∑

(s,t)∈V×V πstzst) =
1

1−e−1/2 OPT and thus we obtained the claim approxi-

mation ratio 1
1−e−1/2 .

We note that here we applied the general idea of Goe-
mans according to [28] to choose the bestα for each input in-
stead of setting it once (otherwise, we get 3-approximation).
Indeed, it is not hard to show that our distribution is the best
distribution for this instance of LP rounding.

B The Primal LP

Our primal LP whose dual is dual LP 2.5.is as follows (letF
be the powerset of the powerset ofV ):



OPT= min
∑

e∈E

cexe (B.1)

+
∑

S∈F
zS (

∑

(i,j)∈V×V :S¯(i,j)

πij)

such that∑

e∈δ(S)

xe +
∑

S∈F : S∈S
zS ≥ 1 ∀S ⊂ V (1)

xe ≥ 0 ∀e ∈ E (2)

zS ≥ 0 ∀S ∈ F (3)

We note that the optimum solution of the PCGST problem is
a feasible solution for the primal LP (by settingxe one for
each bought edgee and allz’s zero exceptzS = 1 whenS
is the family corresponding to partition of connected com-
ponents of bought edges (an isolated vertex is a connected
component by itself).

C Proof of Lemma 5.2
Proof. The idea of the proof is similar to that of Goemans
and Williamson [13]. Since all edgese ∈ F ′ are tight, i.e.,∑

S⊂V :e∈δ(S) yS = ce, we need to show that

∑

e∈F ′

∑

S⊂V :e∈δ(S)

yS ≤ (2− 2
n

)
∑

S⊂V

yS ,

or by rewriting terms,

∑

S⊂V

yS |F ′ ∩ δ(S)| ≤ (2− 2
n

)
∑

S⊂V

yS .

We can prove this invariant by induction on the number of
iterations of the main loop. Consider an iteration and the
set of components ofG in this iteration. Form a graphH
in which active and inactive components are vertices and
the edges aree ∈ F ′ ∩ δ(A) for activeA. We remove all
isolated inactive vertices. Now letNa be the set of active
vertices andNi be the set of inactive vertices inH. In this
iteration, we increase the left-hand side of the inequality by
ε(

∑
v∈Na

d(v)), while we increase the right-hand side by
ε(2 − 2

n )|Na| (d(v) is the degreev ∈ V (H).) Thus we
only need to show that

∑
v∈Na

d(v) ≤ (2 − 2
n )|Na|. To do

this, we show that all leaves ofH must be active vertices.
Let v be an inactive leaf ofH, adjacent to edgee, and let
Cv be the inactive component corresponding tov which is
deactivated at some time before. Any pair(i, j) ∈ V × V
such thatCv ¯ (i, j) is marked. Furthermore, sincev is a
leaf, no vertex inCv can lie on the path between vertices of
an unmarked pair. Therefore, no inactive node can be a leaf.
It means,

∑

v∈Na

d(v) ≤
∑

v∈Na∪Ni

d(v)−
∑

v∈Ni

d(v)

≤ 2(|Na ∪Ni| − 1)− 2|Ni| = (2− 2
n

)|Na|.

Here the inequality holds since all inactive vertices has de-
gree at least two, and since the number of active components
is always at mostn. 2

D PCGST on Trees
THEOREM D.1. The PCGST problem on trees can be solved
in polynomial time.

Proof. We reduce the problem to an instance of max
flow/min cut as follows. We form a bipartite graphG′ =
(X ∪ Y, E′) where there is a vertexxe ∈ X with weight
of ce for each edgee ∈ E(G) (G is our original graph
which is a tree), there is a vertexyij with weight πij for
each(i, j) ∈ V × V , and there is an edge fromxe to yij if
and only if edgee is on the (unique) path betweeni andj in
G. Now, it is easy to see that solving the PCGST problem
onG is equivalent to find a minimum weighted vertex cover5

in G′ (for each selected vertexxe ∈ X we buy edgee, and
for each selected vertexyij ∈ Y we pay the penalty.) The
minimum weighted vertex cover on bipartite graphs can be
easily solved by the max flow/min cut theorem, see e.g. [29].

2

It is worth mentioning, by having the solution of this
problem on trees, one can obtain a logarithmic approxima-
tion ratio for the PCGST problem based on Bartal’s ma-
chinery [3] (or its slight improvement by Fakcharoenphol et
al. [9]) for probabilistically embedding general metrics into
tree metrics. Finally as mentioned in Section7, solving the
k-forest problem on trees is an important open problem.

5A minimum weighted vertex cover is a set of vertices with minimum
weight such that for each edge, at least one of its endpoints is in the set.


