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Abstract with minimum total cost.

In this paper we study the prize-collecting version of the Gener- The above problem which has also several applications
alized Steiner Tree problem. To the best of our knowledge, théfedesign of telecommunications networks and wiring with
is no generatombinatorial techniquée approximation algorithms different cable types which offer different amounts of capac-
developed to study the prize-collecting versions of various praby and carry different costs (see e.@, 26)) is called the
lems. These problems are studied on a case by case basis by Bigize-collecting generalized Steiner tree (PCG$blem.
stock et al.b] by applying an LP-rounding technique which is nofn thjs problem, given a grapi’ = (V, E), a set of pairs
f'icor;binatorial applroachb..The mf;liﬂ contribhution ofdthis [l)gper E@ = {(s1,t1), (s1,t1), ..., (s, )}, @ non-negative cost
introduce a general combinatorial approach towards solving t ; ; : -

problems through novel primal-dual schema (without any need?ﬁcﬁcuon ¢: B — Q,, and finally a non-negative penalty

solve an LP). We fuse the primal-dual schema with Farkas Iemg (_;tlonﬁ : Pf—>dQ+, OuégoaI, IS ahmlnlmulm-(f:OStr:Nay of .
to obtain a combinatorial 3-approximation algorithm for the Priz uying a set of edges and paying the penalty for those pairs

Collecting Generalized Steiner Tree problem. Our work also ifhich are not connected via bought edges. Without loss of
spires a combinatorial algorithrii] for solving a special case of generality we assume th& =V x V, since the penalty of
Kelly’s problem R1] of pricing edges. any pair which is not required to be connected will be zero
We also consider thg-forest problem, a generalization bf  (In this paper, by’ x V we mean all unordered pai(s ;)

MST andk-Steiner tree, and we show that in spite of these prolvherei # j.) When all sinks are identical, this problem is
lems for which there are constant factor approximation algorithmfe classic prize-collecting Steiner tree problem. When all
the k-forest problem is much harder to approximate. In particgenalties are infinity, this problem is the classic generalized
lar, obtaining an approximation factor better th@n'/°~) for k- gteiner tree problem. The best approximation algorithm for
forest requires substantially new ideas including improving the aBsth of these problems ia- ﬁ approximation algorithm

proximation factoO(n'/3~) for the notorious densektsubgraph , . )
problem. We note that-forest and prize-collecting version of Gen-(n is the number of vertices of the graph) due to Goemans

eralized Steiner Tree are closely related to each other, since theafgt(-j Williamson/L3)].

ter is the Lagrangian relaxation of the former. Another variant of the PCGST problem is theforest
problem in which with the same setting mentioned for
1 Introduction PCGST, our goal is to buy a minimum-cost set of edges

Consider a mailing company that wishes to shi ackOst which connect at least pairs in . The problem
. 9 pany o P p % a generalization of the classieMST andk-Steiner tree
overnight between several pairs of cities. To this end, thjs

company can build connecting carriers between cities s V\hhen we have a common source/sink) for which there are
pany 9 =gpproximation andi-approximation algorithms, respec-

that at th? end by schedulmg the carriers, t_he company; ly (seeB] for a complete literature review of these prob-
able to ship the packets overnight between pairs of connecie )

cities. Assume the cost of connecting cityo city j is c;; '
and the costs are symmetric. In addition, the company

. . ) s T’.‘f Related Work. Other problems with the same fla-
the choice of leasing other companies for some pgairg)

Jor of the PCGST problem which attracted so much inter-

of cities with costr;; so that without any worry the lease ! . o
company do the shipment between citieand j overnight est_ recently are thenulticommodity (_:onnectec_l facility lo-
" cation (MCFL) problem and themulticommodity rent-or-

The goal is to build some carriers and lease some ottﬁ)er (MRoB)problem (see e.g2] 4, 15, 16, 20, 23). In
companies such that the company do the shipments overangfﬁ1 of these problems We' ére g'iver,l an’ un’directled graph

G = (V, E) with edgee possessing renting cost and buy-
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facility 4, andty, is assigned to facility,, then there is a pathproblem is just an example for which we have used our gen-
in (V, H) betweeni; andi,. The cost of a solution is the suneral approach. It is worth mentioning that prize-collecting
of the cost of buying edges if and the cost of renting edgegroblems naturally appear in game theory and more specifi-
in the shortest path (with respectdpof each demand to itscally in the context of cost-sharing (in which cost share of
assigned facility. In the latter problem, our goal is to findan agent cannot be more than the utility derived). These
minimum-cost way of buying some edges, which allow uproblems also appear naturally if one wants to use the La-
limited use after payment of a large fixed cost, and rentiggrangian Relaxation technique of Jain-Vaziral8][and
some edges, with cost incurred on a per-unit of capacity iZhudak, Roughgarden and Williamsd] fo obtain an ap-
sis, so that a unit of demand can be sent simultaneously frproximation algorithm for the correspondikeversion of the
each source; to the corresponding sink. Interestingly, problem.
Kumar et al. R3] show that anyn-approximation algorithm Our primal-dual algorithm has some similarities with
for the MCFL problem gives aa-approximation algorithm Goemans-Williamson algorithm for the prize-collecting
for the MRoB problem. The best approximation algorithi&teiner tree (PCST) problem, however our primal-dual LPs
for these problems is the randomized 6.828-approximatiare considerably different from theirs. In fact, the primal-
algorithm of Becchetti et ali4]. To the best of our knowl- dual algorithm for PCST makes a crucial use of the assump-
edge, the only deterministic algorithm with extremely largéon that all commodities have the same sink vertex and
constant approximation ratibis a complicated primal-dualdoes not obviously extend to the PCGST problem. This is
algorithm due to Kumar et al2B] which is a combination the same hardness mentioned by Kumar et24], [when
of Goemans-Williamsornll3] and Jain-Vaziranil8] primal- they want to extend primal-dual algorithms for single-sink
dual algorithms. Intuitively, the main difference betweeMCFL/MROB to general MCFL/MROB. Indeed, if the graph
the MCFL problem and the PCGST problem, the proble&is a tree the PCST problem can be solved in polynomial
considered in this paper, is that in the former problem thime using a simple dynamic programming. However, such
path between any source-sink p@i,, t,) should go through a simple dynamic-programming approach does not work for
rented edges, bought edges and then rented edges whithéPCGST problem on trees, and we reduce the problem to
the latter problem the path either entirely should go through instance of max flow/min cut to solve it polynomially (see
bought edges or entirely should go through leased (rentégpendixD). It is worth mentioning, by having the solution
edges. of this problem on trees, one can obtain a logarithmic ap-
Finally, it is worth mentioning that Bienstock et é§][ proximation ratio for the PCGST problem based on Bartal's
present an LP-rounding technique to solve prize-collectingachinery8] (or its slight improvement by Fakcharoenphol
traveling salesman and prize-collecting Steiner tree. A siet-al. [9]) for probabilistically embedding general metrics
ilar approach can be used to obtain a 3-approximation @ito tree metrics.
gorithm for the PCGST problem. Using a randomized LP- The first barrier which arises when we consider the
rounding approach, one can further improve the approratural generalization of Goemans-Williamson primal-dual
mation factor to 2.54 (see Appendix that we present thealgorithm is dividing the initial penalty (which is in fact the
approach for the sake of completeness). However, the littial potential) between vertices of each pair. We show
rounding technique uses Ellipsoid method which is knowhat an incorrect dividing of the initial penalty can make
to be non-combinatorial and impracticalin the rest of the the approximation factor very large. The second barrier
paper, we mainly focus on a general combinatorial technigaiéses in cost-sharing, the task of allocating the cost of an
through primal-dual schema for the prize-collecting prolbbject to many users of the object in a “fair” manner, when
lems. two balls (connected components) merge in GW-algorithm.
The last not the least barrier arises in the final removal of
1.2 Our Results. We show a novel primal-dual frame{unnecessary) edges in GW-algorithm. We overcome all
work which gives a 3-approximation algorithm for the prizehese barriers by writing novel primal and dual LPs and then
collecting generalized Steiner tree problem. In addition, wiake a crucial use of Farkas Lemma. In short, we do not
show that factor three is tight for our primal-dual frameworlsee any direct and general solution to these barriers which
Indeed, our primal-dual approach is a general technicame also major hindrances in developing primal-dual schema
for prize-collecting versions of combinatorial optimizatiobased algorithm for many other problems (e.g., other version
problems. The prize-collecting generalized Steiner treéthe rent-or-buy problem, the Steiner tree problem based on
bidirected LP, the generalized Steiner network problem). In
IAccording to the authors, the approach of the paper only seems suitatlplles paper we propose a clean solution to these issues based
to prove an approximation factor of at least several hundreds. on Farkas lemma. The problem that we solve here should be
20ne can write the corresponding LPs to be flow-based rather t&@ken just as an exemplification of our approach.
cut-based, and then use other LP-solver algorithms. However, during this Indeed some of the above barriers can be overcome if

reduction the number of variables will be cubic in terms of the number @fa can both increase and decrease the dual variables. To the
original variables and still we cannot obtain a practical algorithm.




best of our knowledge, the only primal-dual (exact and not The problem in this dual LP is that there are different
even approximation) algorithms which both increase and d@kal variables for each pair of vertices. Consider a situation
crease the dual variables are the max-flow algorithm and thleere two vertices and j are replaced by a million of
seminal Edmonds’ algorithm for minimum weighted perfecopies i.e.;i is replaced byiq, -, --- and; is replaced by
matching. In a separate paper, we show that we can obtainjs,---. Also the original penalty betweenand j is
primal and dual LPs for these problems such that in the cogplaced by its millionth betweehy and j;, andi, and ja,
responding algorithms we only increase the dual variabbesd so on. By this reduction we did not logically change
(however, when translated back on the original LP both itihe original instance but the execution of a primal dual
crease and decrease the dual variables) and still we can salgerithm which treats eaay;, ;, , ysi,j,, - - - independently
these problems in polynomial time. Thus, our framewodan change significantly. Ability to raise dual variables
makes a significant step towards answering the importamdependently to a specific goal is what really constitutes
open question that asks whether both increasing and decreaprimal-dual schema. In fact, it is not hard to create
ing of dual variables can be used to obtain better primabunterexamples that such an approach will not work. On the
dual approximation algorithms for combinatorial optimizasther hand if we rais@g;, ,, ¥si,j., - - IN some dependent
tion problems. manner then we will need to deal with cost-sharing, i.e.,
Last but not least, we show that in spite of classdistributing the rate of increase. If we raise uniformly then a
k-MST and k-Steiner tree for which there are constamair of vertices can bias the dual raise in its favor by creating
factor approximation algorithms, the-forest problem is multiple copies as shown in the above example. We do not
much harder to approximate. In particular, obtaining aee any direct solution to this problem, which is also a major
approximation factor better tha®(n'/%—¢) for k-forest hindrance in developing primal-dual schema based algorithm
requires substantially new ideas including improving tHer many other problems (e.g., other version of the rent-or-
approximation factoiO(n'/3~¢) for the notorious densestbuy problem, the Steiner tree problem based on bidirected
k-subgraph problem. We note thatforest and PCGST LP, the generalized Steiner network problem). In this paper
are closely related to each other, since the latter is the propose a clean solution to this issue based on Farkas
Lagrangian relaxation of the former. lemma. As mentioned before, the problem we solve should
Our work also inspires a combinatorial algorithd?] be taken as an exemplification of our approach.
for solving a special case of Kelly’s problei@1] of pricing We create a new dual variablg which is the sum of
edges. all ygi;'s, wheres andj are separated by. We will treat

2 Suitable LP Relaxation Using Farkas Lemma ys as an independent dual variable in our LP. We will not

fix in advance any arrangement of distributipgamong the

The traditional LP relaxation for the PCGST problem can %%ij’s- Instead we will let the dual solution adapts itself to

written as: OPT= min Z Coie + Z Tz (2.1 accommodates;;'s. A more rigorous way is to eliminate
ey ey the issue of cost-sharing altogether by eliminating the dual
subject to variablesyg;;'s. With this substitution ofys, the dual LP
2.2becomes:
Z Te+ 2z 2> 1
e€d(S) Z
. . max ys  (2.3)
VS CV,(i,j) €V xV,50 (i,]) scv
Te >0 Vee FE subject to
zij 2 0 V(i,j) eV XV ys< D> ysiy  YSCV
(4,3):50(i,4)
Here for a setS C V, we denotd{i,j} N S| = 1 by Z Ys < cCe Vee E
S o (4,7). S:e€8(S)
The dual of the above LP is: .
! Ve Max > sy (22) > ysy<my;  VijeV
SCV,80(i,5) 5:50(i,5)
subject to Ysij > 0VS CV, SO (4,5)
Z Ysij < Ce Vee E ys >0 vScV

S:e€8(89),S®(4,5)

Z ysij Smi; - V(i,j) €V xV
5:80(4,4) Proof. Suppose we have a solution for dual LP 2.2; we can
ysij >0 YSCV,S0(,7) assignys = > j).se(.j) Ysij for eachS C V, which is

LEMMA 2.1. Dual LPs 2.2 and 2.3 are equivalent.



a solution to dual LP 2.3. Suppose we have a solution thiat the above inequality is violated (see Schrijver books on
dual LP 2.3. Without loss of generality we can assume tHigear and integer programming@1], Corollary 7.1.f.) Here,
the first set of constraints is tight; if not then we can decreadeal variables corresponding to the third set of inequalities
ysi; Without affecting the objective function (here we usare (maxg.50(;,;) ). Thus in essence if we enforce the
thatys > 0). Once we haves = Z(”) So(i,5) YSij» We above inequality for all functions, we get the condition
can replaceys to get a solution for dual LP 2.2. O on thoseyg’s for which feasibleyg;;'s exist. Hence using

Farkas lemma, the dual LP 2.3becomes:
Note thatys;;'s do not appear in the objective function,

so they can be classified as auxiliary variables. So the maXZ ys  (2.4)
idea of the primal dual algorithm is to raise dual variables
ys's (according to some rule) and let the LP itself keep

. " . i . subject to
accommodating the auxiliary variables (which may increase
or decrease). In other words we raise dual variahlésand Z Ys < Ce Vee E
keep testing whether feasiblg;;'s exist, so in essence we S:e€é(5)
do not decrease the actual dual variable but may decrease Z agys < Z max ag)m; Yor
the auxiliary dual variables. Intuitively, we freeze some S 50(4,4)

e - . . . e . . 7 SCcV i,jEV
if increasing it by infinitesimally small epsilon results in the

non-existence of feasiblgs;;'s. Formally, we need to find
the condition when feasiblgs;;'s do not exist. This can be
done using Farkas lemma.

Supposey : 2V — Rt is a function from the powerset
of V to the non-negative real numbers. For convenience
use the notatiomvs to denote the value af at.S. Consider

a feasible solution of the dual LP 2.3. Using the first set pkmma 2.2. Itis sufficient to considet’s having only one

ys>0 VSCV

The second set of constraints is actually infinity in
number, but only a finite number of them are actually
necessary This is because the set of feasjls is a
B’ ytope. Let us now try to simplify dual LP 2.4.

constraints we get: positive value in its range.
Z asys < Z as Z Ysis Proof. Take ana. Suppose it is taking two positive values
Scv STV (i) 500.) in its range. Suppos@é/; is the maximum value in its

range andM, is the second maximum value in its range.

Changing the order of summation on the right-hand si nsidern, which takes valué/Z, — M, wheneven takes

we get. value My, otherwisea; takes value zero. Consider, =
a — ap. Note that the constraint correspondingdocan

Z asys < Z Z AsYsij be derived by adding the constraints corresponding:ito

scv () EVXV 8:50(j) and a,. Furthermore, the cardinality of the range ©f

The right hand side can be increased further to yield: is decreased by 1. Rest of the proof can be completed by

induction. a

Z asys < Z Z max aS)ySzg COROLLARY 2.1: It is sufficient to considera_’s taking_

scv i7EV S:50(i.)) S 50(,j value from{0, 1} i.e., « can be thought of denoting a family

of subsets oV’

This simplifies to: )
We denote a family of subsets oF by S =

{S1,89,...,S¢}. For afamilyS, we writeS ©® (i, j), if

Z asys < Z max og) Z Ysij there exists a’ € S such thatS ® (4, ). The dual LP 2.4
Scv i,jeV 5:50(i.7) S:80(4,5) becomes:
Along with the third set of constraints in dual LP 2.3 this max Z ys  (2.5)
gives us: Scv
subject to
asys < max as i
S;/ Z S SO(i,5) ! Z Ys < Ce Veec E
o : S:e€d(S)
This inequality does not havgs;;. Farkas lemma tells )
us that if we fix theys’s so that the feasibles;;’s do Z Ys < Z m; ¥V family S
not exist then we must have a functien(dual variables ses (4,5)€V X V,80(i,5)

corresponding to the first set of inequalities in dual LP 2.3) so ys >0 VSCV



Define a functionf : 22" R+. For every family, Sincey is feasible and the left hand side is modular,

S, f(8S) is defined as the right-hand side of the inequality
corresponding t& in dual LP 2.5, i.e., Z Ys + Z Ys = Z Yys + Z Ys
se S1uSs se 81 Se So

Se 81082
18) = Z i These two facts show that bafh N S, andS; U S, are tight
(,))EV X V,SO(5,5) Thio2 12 gnt.

]
LEMMA 2.3. f is a submodular function, i.e.f(S;) +
[(82) 2 f(S1N82) + f(S1USy)

Proof. We note that for(i, j) € V x V, if Sy © (i, ) or Now, we are ready to present a primal-dual algorithm for the

Ss ® (4,7), thenS; U Se ® (4, ), and visa versa. However,PCGST problem.

for (i,7) e Vx V,it NS © (i,7), thenS; © (4,5) and  Algorithm A

S2 ® (1, 7). The proof immediately follows from these twdnput:  An undirected grapli; = (V, E), edge costs. > 0

facts. a for e € E, and penaltyr;; > 0 for (4,5) € V x V.
Output: A forestF’, and a set of pair§ not connected vid”.

Note that this lemma is analogous to the submodulariiggin

of the st-cut. Indeed this lemma is also stronger than tie let F — @

notion of proper functions, weak supermodularity, and we&k implicitly setys « 0 forall S C V

submodularity considered in the context of Steiner edge cén- 1etG «— {{v} :v €V}

nectivity and Steiner element connectivity problems. Thete for each(i,j) € V. xV

we usually have two inequalities and the function needso set(s, j) unmarked

satisfy one of them. The simplicity and the strength of t for eactrgzon?ected componeitte ¢

lemmais n_ot a su.rpris_e. If we go bac}< and ot:_)serve the sgc- feet yca:'\(l)e

ond s_gt of meq_ualm_es in Dual LP 2.53|t looks like the Hall'g  \hile there exists anctiveconnected component € G

condition for bipartite graphs. This is more formally caprg

3 The Primal-Dual Algorithm

find minimume; s.t. if we increase- of eachactive

tured as the following lemma:

LEMMA 2.4. Construct a bipartite graph. One side of the
bipartite graph i2" and the other side of the bipartite graph 1
isV x V. We put a directed edge of infinite capacity frém
todj if S @ ij. In addition we have two more nodesind

t. We put directed edge of infinite capacity frerto all S’s. 12
For everyij we put a directed fromj to ¢ of capacityr;;. 13
The Dual LP 2.5is maximizing the flow in this graph frem 14
to ¢ subject to the first set of constraint in Dual LP 2.5. 13

Proof. Proof follows from the classic max-flow min-cutl6

theorem. ]
18

We say that an edge € F is tight, if for e, the first 19
constraint of dual LP 2.5 holds with equality. We call 89
family S € F is tight, if for S, the second constraint ofel
dual LP 2.5holds with equality. 29

COROLLARY 2.2. Supposey is a feasible solution to dual
LP 2.5. Suppose the constraints corresponding to famil
S1 and S, are tight, then the constraint corresponding t6"

C € G bye; we getanew tightedge= {i,j} € F
withie Cp, €G,j € Cq € G,C, # Cy
(see sectiod')
find minimume- s.t. if we increase of eachactive
ceg by €1
we get a new tight famil\s (see Sectiod )
lete = min(e1,e2)
let yo = yo + ¢ for all activeC € G
If E =&
setall pairs(z, j) € V x V which have run out of
potentialmarked(see Sectiod)
setall S € S inactive
else
let F — F U{e}
letg — GU{CpUCq} —{Cp} — {Cy}
let Yopucy — 0
setC), U (|, active except when there is no
(4,5) € V x V such thalC, U C, ® (4, 5)

let F' is derived fromF by removing as many edges as
possible so that everynmarkedpair is connected i
);% let Q be all pairs not connected vigd’

Since we only growy variables for a polynomial number
of sets, checking whether an edge is tight is easy. In
Proof. By Lemma2.2 sincef(S) is submodular, we have Section4, we show how we can find out the next tightness
event for families. Note that this is especially important,
Z Tij + Z i since the number of families is doubly exponential.
(1,)) eV xV: S10(i,5) (1,§)eVXV: So0(i,5)

> Z Tij + Z Tij-

(1,5)€V xV: S1nS20(i,5) (i,§)€VxV: S1US20(4,5)

family’'s S; U S, andS; NS, are also tight.

4 Algorithm for Finding Next Event

Let y&'s be the current solution to Dual LP 2.5a8be the
current family of active sets. We want to find out what is



the maximume we can add in all the active dual. Theréet the capacity of " is D less than the capacity of the mini-
are two restrictions on maximum first set of constraints mum cut which separatedrom all the sets. We decreasg
and the second set of constraints in Dual LP 2.5.There bseD/(k — k'), which makes the capacity @f equals to the
only linear number of first set of constraints and one can findpacity of the cut which separatefrom all other vertices.
maximume, saye, which this set of constraints allow to addVe compute the minimal minimum cut again. If this new cut
in all the active duals. So we only need to find maximgim separates from all the other vertices then again we have the
sayes, Which the second set of constraints allow to add @ondition of the lemma. If not then the claim is that the new
all the active sets. Following lemnf4 we can routeys’s cut separates strictly more thahactive vertices frons. In-
dual in the bipartite graph described in lemghd. We want deed, otherwise the decrease in the capacity of cuts, which
to route additional maximum flow, which should be equakparates less than or equaktoactive vertices, is at most
through all the active sets. We call such a flequal flow k'D/(k — k'), which is also the decrease in the capacity of
which in spirit is quite similar to the balanced flow used if’. So among these cufs is still the minimum cut. This
[8]. The following lemma characterize the maximum equploves the claim.

flow (¢2) through the active sets.

o - THEOREMA4.1. e, can be found by at most linear number
LEMMA 4.1. Construct the bipartite graph as done iy maxflow computations.

lemma2.4. Delete all the vertices except those which cor-

responds to either positive duals (accordingtg or active The active sets which need to be freeze can also be
duals. Note that we kept only polynomial number of verticggtained from this bipartite graph. Use as found above
and have deleted all others. Change the capacity on edggg) find the maximal minimunst-cut. All the active sets on
froms to S 1oy, if S'is not an active set; and 195 + &2 if  the 5 side need to be frozen. The reason is if we add any
S'is an active set. No other change is required. _ furthere to any of the active dual onside thenS separated
€2 Is maximum equal-flow which can be routed if anglom 1l other vertices does not remain a minimstreut.

only if there are at least two minimusga-cut, one separating Finally it is worth mentioning that in the full version
all active sets_ (in fact allset_s) fromand another keeping atof this paper, we propose a more general combinatorial
least one active set on theside. algorithm to find tight sets which also can be applicable for

: . wide ran f prize-collecting problems.
Proof. Note thaty flow through inactive sets ang, + ¢ awide range of prize-collecting problems

flow through active sets can be routed, hence if these 8re A nalvsis
the corresponding capacities theseparated from all other Y

vertices is a minimuns¢-cut (its capacity is the same as First we consider the time complexity of the algorithm. The
flow). main loop of the algorithm terminates when all connected

Suppose there is another minimuscut which keeps components off" are inactive. Since in each iteration the
an active set os side. Suppose there akeactive sets. If SUM of the number of components and the number of active
we increase, by some amount, say, then the capacity of components decreases, the loop terminates after at most
this cut will be strictly smaller than the capacity of the cut i — 1 iterations. Since the most time-consuming part of
which s is separated from all other vertices. Hence we wiffi€ 100p is finding a tight family which can be done in
not be able to route additionad + & equal-flow. polynomial time, the total running time of the algorithm is

On the other hand suppose all the minimugacuts Polynomial. _ o
separate all the active sets framin other words if we insist  NOw, we consider the approximation factor of the algo-
to keep at least one active set on theide then the capacity"ithm.
of the minimum cut will be strictly more than the capacit : ,
of the actual minimum cut. Leb be the difference betweeni;Eo?Rgmsz %Nh-ll-:ﬁ ;Lgr?g:rlg]nﬁeocl:(te%u\t/?ﬂz’isfarc?zh:tnd a
these capacities. If we increasgby D/k then the capacity P
of all the minimum cut increases by. Hence we can route

an additionak D/k) equal-flow. O
2+ (D/k) e Zce—i- Z 7rij§(3—z)z/ys§(3—z)OPT
This lemma gives us an iterative algorithm to find max-ecr (i,/)eQ " oscv "
imum equal-flow. We start with an upper bound en
A good upperbound i$2ij Tij — 2 g¥s)/k. Setey = The second inequality is easy singgs form a feasible

(Zij Tij — ZS yg)/k We compute the minimal minimumsolution for the dual. The proof of the first inequality follows
st-cut (i.e.,s side is set theoretically minimal). Suppose thismediately from the following two lemmas.

minimum cut, call itT, separates all the active sets fram ] ] )
then we have the condition of the lemma. So assumefthat EMMA 5.1. The sum of penalties of marked pairshnis
separates only’ number of active sets from wherek’ < k. atMOS® gy ys.



Proof. We mark a pair only if it belongs to a tight family.Proof. Given a graphG with m edges, we would like to
Using corollary2.2 union of tight families is a tight family. find a set ofk vertices with maximum number of edges in
The constraint corresponding to this tight family proves tlibe subgraph induced by this set. We udeto find the

lemma. O approximate solution for MEC of the graph. Supposés
) the maximum number of edges in thekEC problem for
LEMMA 5.2. 3 pice < (2= 2) Xgcv Us- which A outputs a solutioi’” with at mostk vertices. That

. L is, there ard edges in the subgraph induced By and the
Proof. The idea of the proof is similar to that of Goemanso{pproximate solution returned by when! + 1 edges are

Williamson [13 aqd is also not an emphasizing point of thiFequired to be covered contains at Igastl vertices. Let the
paper. The proof is moved to the apper@ix optimal solution to the densektsubgraph problem contain

S ;
Finally it is worth mentioning that the ratio three be‘?pf F;‘_dgets. t\rllve dshall [;Lov?)tha;bag le ¢ andh'ghﬁs_Y Is'tﬁ'
tween the cost of the resulting solution from AIgorithn§Ou lon to the densesrsubgraph problem which Is within

1 . .
A and the sum of dual variables, i.€, 4 ys is tight. afactor ofz to the optimal solution.

Consider the following example. Grayh contains a path By- our cholice .?1” and the .fact ;gaw iTQ’ dan f-
a, s1, ..., 5, bwhere all edges of this path have lengthe. approximation algorithm, any vertices ofGz can induce at

Also there is a nodewhose distance from all vertices in thénOStbl edgfes.dCon§i%er ajubb@étl\llvith : )E)?rticets). 'I'theélotal
path iscc. The penalty for paifa, b) is co, the penalty for numboer o .e ges in :CE y_a possible su S?? e
pair (s;,t;), 1 <i < £is 1, and the rest of the penalties argents ofX is at most(%)l. Notice that each edge is counted

zero. One can easily observe that for this graph and thg§§ct|y(lz—2) times. So, the total number of edgesinis
penalties, the algorithm stops wh@ng -y, ys = n + o(1). 72

However the total cost of the optimal solution, which buys a most

edges of the path and pays the penaltidsr pairs(s;, t;), (’“)l

1 <i </, is3n+ o(1). Note that in this case, Algorithm A 20 k(k—1) p< 2Ty oy

outputs the optimal solution also. (k’—Z) CokE gy~ / (k: - f) <2/
k2 Y

6 Hardness Fork-Forest . . . :
(The last inequality holds since we can assume without loss

In this sectiod, we show an interesting relation betweegs generality thate > 2f, otherwise, any single edge is
the k-forest problem and the densessubgraph problem. 5 9 2_approximation). SinceX is an arbitrary set withk
Formally, we show that if there is a polynomial tinfe yerticesopt < 221 and this completes the proof. O
approximation algorithmA for the k-forest problem, then
there is a polynomial time f2-approximation algorithm Next we mention the relation betweenkBC and k-
for the densest-subgraph problem. Given a graghi fgrest.
and a parametek, the densesk-subgraph problem is to
find a set ofk vertices with maximum number of inducedflHEOREM6.2. If there is a polynomial time f-
edges. The densestsubgraph problem is well-studied inrapproximation algorithm.4 for k-forest, then there is
the literature/11, 22]. The best known approximation factom polynomial timef-approximation algorithm for MEC.
for the densesk-subgraph problem i®(n'/3~¢) for some
small e > 0 and improvement is known to be difficultProof. For a graph instanc& = (V,E) of MKEC, we
[10,122]. The connection betweenforest and the denselst construct an instance of thieforest problem as follows.
subgraph problem suggests that obtaining an approximatiist, we construct a star graph with a centerc and a
factor better thanO(n!/6—<) for k-forest would require unit-cost edge{c, v} for eachv € V(G). For each edge
substantially new ideas. {u,v} € E(G), we put a commodity paifu, v) in P. Now,

We state the reduction in two steps. First we consideis easy to observe that any subgraphSoivhich connects
minimumk-edge coverage (MEC), which is the minimum at leastk commodity pairs corresponds to a set of vertices
number of vertices in a grap@f whose induced subgraphwhose induced subgraph has at Igastiges and visa versa.
has at least edges, and mention its relation to densest The desired result follows immediately. a
subgraph.

) ) ) The following theorem follows immediately from The-
THEOREMG6.1. If there is a polynomial time f- 5rem<6.1and6.2.

approximation algorithm.A for MKEC, then there is a

polynomial time 2f2-approximation algorithm for the THEOREM6.3.If there is a polynomial time f-
densesk-subgraph problem. approximation algorithm.A for k-forest, then there is
a polynomial timeO( f?)-approximation algorithm for the
3This section is based on a joint work with Lap Chi Lau. densest-subgraph problem.
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be the powerset of the powersetlof:



OPT= min Z Cee (B.1) Here the inequality holds since all inactive vertices has de-

ccE gree at least two, and since the number of active components
is always at most. m]
+ ) 28l > Tij)
SeF  (,)evxV:S6(i,j) D PCGST on Trees
such that THEOREMD.1. The PCGST problem on trees can be solved
in polynomial time.
Z%‘F Z zg>1 VSCV (1)
e€s(9) ScF. seS Proof. We reduce the problem to an instance of max
2.>0 Veec E (2) flow/min cut as follows. We form a bipartite graghf =
¢ = (X UY, E') where there is a vertex. € X with weight
25 >0 VSeF (3) of ¢, for each edgee € E(G) (G is our original graph

which is a tree), there is a vertgy; with weight r;; for
eagh(i,lj).fe (}/ xV, ar:ﬂ there is an etcagg f{om to gélj if
nd only if edge: is on the (unique) path betweeand; in
We note that the optimum solution of the PCGST problem?@ Nove/{ it is geasy to see ghatqsolzli%g the PCGST éroblem
a feasible solution for the primal LP (by setting one for on ¢ is equivalent to find a minimum weighted vertex céver
each bought edgeand allz’s zero exceptg = 1 whenS in G’ (for each selected vertex. € X we buy edge:, and
is the family corresponding to partition of connected corfer each selected vertex; € Y we pay the penalty.) The

ponents of bought edges (an isolated vertex is a connediimum weighted vertex cover on bipartite graphs can be
component by itself) easily solved by the max flow/min cut theorem, see 2§.

O

C Proof of Lemmal5.2

Proof. The idea of the proof is similar to that of Goema
and Williamson|L3]. Since all edges € F” are tight, i.e.
2_scviees(s) Ys = ce, We need to show that

It is worth mentioning, by having the solution of this
NSroblem on trees, one can obtain a logarithmic approxima-
' tion ratio for the PCGST problem based on Bartal’s ma-

chinery B] (or its slight improvement by Fakcharoenphol et

2 al. [9]) for probabilistically embedding general metrics into
Z Z ys < (2 - ﬁ) Z Ys, tree metrics. Finally as mentioned in Sectifjrsolving the
cEF! SCV:ecs(S) scv k-forest problem on trees is an important open problem.

or by rewriting terms,

S uslF na(s) < 2 2) Y us.

ScVvV SCV

We can prove this invariant by induction on the number of
iterations of the main loop. Consider an iteration and the
set of components df in this iteration. Form a grapi/

in which active and inactive components are vertices and
the edges are € F' N §(A) for active A. We remove all
isolated inactive vertices. Now l€Y¥, be the set of active
vertices andV; be the set of inactive vertices . In this
iteration, we increase the left-hand side of the inequality by
£(Xyen, d(v)), while we increase the right-hand side by
£(2 = 2)|N,| (d(v) is the degrees € V(H).) Thus we
only need to show thaf", . d(v) < (2 — 2)|N,|. To do
this, we show that all leaves df must be active vertices.
Let v be an inactive leaf o, adjacent to edge, and let

C, be the inactive component correspondingtavhich is
deactivated at some time before. Any p@irj) € V x V
such thatC, ® (4, ) is marked. Furthermore, sineeis a
leaf, no vertex inC’, can lie on the path between vertices of
an unmarked pair. Therefore, no inactive node can be a leaf.

It means,
ddwy< D dw) - > dv)

vEN, VENLUN; vEN;

2 5A minimum weighted vertex cover is a set of vertices with minimum
< 2(|Na U Ni‘ - 1) - 2|Ni| = (2 - g)|Na| weight such that for each edge, at least one of its endpoints is in the set.



