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Abstract— The QoS Steiner Tree Problem asks for the most cost-
efficient way to multicast multimedia to a heterogeneous collection
of users with different consumption rates. We assume that the cost
of using a link is not constant but rather depends on the maximum
bandwidth routed through the link. Formally, given a graph with
costs on the edges, a source node and a set of terminal nodes, each
one with a bandwidth requirement, the goal is to find a Steiner tree
containing the source, and the cheapest assignment of bandwidth
to each of its edges so that each source-to-terminal path in the
tree has bandwidth at least as large as the bandwidth required by
the terminal. Our main contributions are: (1) new covering-type
integer linear program formulations for the problem; (2) two new
heuristics based on the primal-dual framework; (3) a primal-
dual constant-factor approximation algorithm; (4) an extensive
experimental study of the new heuristics and of several previously
proposed algorithms.

I. INTRODUCTION

Recent progress in audio, video, and data storage tech-
nologies has given rise to a host of high-bandwidth real-time
applications such as video conferencing. These applications
require Quality of Service (QoS) guarantees from the under-
lying networks. In light of this, multicast routing algorithms
which manage network resources efficiently and satisfy the
QoS requirements have come under increased scrutiny in recent
years [14]. The focus on multimedia data transfer capability in
networks is expected to further increase as applications such as
video conferencing gain popularity.

Multimedia distribution is usually done via multicast trees.
There are two reasons for basing efficient multicast routes on
trees: (a) the data can be transmitted concurrently to destina-
tions along the branches of the tree, and (b) only a minimum
number of copies of the data must be transmitted since infor-

mation replication is limited to the forks of the tree [16]. The
bandwidth savings obtained from the use of multicast trees can
be maximized by using optimal or nearly optimal multicast
tree algorithms. Future networks will no doubt integrate such
algorithms into basic operational performance [3].

Several versions of the QoS multicast problem have been
studied in the literature. These versions seek routing tree
cost minimization subject to (1) end-to-end delay, (2) delay
variation, and/or (3) minimum bandwidth constraints (see, e.g.,
[3], [13], [9]). In this paper, we consider the case of minimum
bandwidth constraints, that is, the problem of finding an optimal
multicast tree when each terminal possesses a different rate
of receiving information. This problem is a generalization of
the classical Steiner tree problem and therefore NP-hard [5].
Formally, given a graph G = (V,E), a source s, a set of
terminals S, and two functions: length : E → R

+ representing
the length of each edge and rate : S → R

+ representing the
rate of each terminal, a multicast tree T is a tree in G spanning
s and S. The rate of an edge e in a multicast tree T , denoted
by rate(e, T ), is the maximum rate of a downstream terminal,
i.e., of a terminal in the connected component of T − e which
does not contain s. The cost of a multicast tree T is defined as

cost(T ) =
∑
e∈T

length(e) · rate(e)

QUALITY OF SERVICE STEINER TREE PROBLEM (QOSST):
Given a network G = (V,E, length, rate) with source s ∈ V
and set of terminals S ⊆ V , find a minimum cost multicast
tree in G.

The rest of the paper is organized as follows. In the next
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Input: A graph G = (V, E, length, rate) with a source s in V and
a collection of terminals S ⊆ V .

Output: A QoS Steiner tree spanning the source and the terminals.

(1) Initialize the current tree to {s}.
(2) Find a non-reached terminal t of highest rate with the shortest distance

to the current tree.
(3) Add t to the current tree along with a shortest path connecting it to the

current tree.
(4) Repeat until all terminals are spanned.

Fig. 1. Maxemchuk’s Algorithm for the QoS Steiner Tree Problem.
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Fig. 2. A bad example for Maxemchuk’s algorithm, with k = 4 rates. In the
figure, ε = 1/22k−1. The rate of each node is given above the node. The edge
lengths are given on the thin curved arcs, while on the solid horizontal line each
segment has length 1/2k−1 + ε. The optimum, of total cost 1 + 2k−1ε =
1 + 2k−1(1/22k−1) = 1 + 1/2k , uses the solid horizontal line at rate 1.
Maxemchuk’s algorithm picks the thin curved arcs at a cost of 1 + (1/2)(1−
ε) + 2(1/4)(1 − 2ε) + 4(1/8)(1 − 3ε) ≥ ((k + 1)/2)(1 − 1/2k).

section we give a short summary of the algorithms proposed
by [9], [5], and [8] and show that the approximation ratio of the
algorithm from [9] is unbounded. In Section III, we consider
an integer linear program formulation (ILP) and describe two
heuristics based on the primal-dual framework. Then we prove
that a primal-dual algorithm based on an enhanced ILP has
an approximation ratio of 4.311. Finally, in Section IV we
conclude with an experimental comparison of our two primal-
dual heuristics with algorithms from [9], [5].

II. PREVIOUS WORK

A. Maxemchuk’s Approach

Maxemchuk [9] proposed a heuristic algorithm for the QoS
Steiner Tree Problem. His algorithm is a modification of the
MST heuristic for Steiner Trees [15] (see Figure 1).

The extensive experiments given in [9] demonstrate that this
method works well in practice. Nevertheless, the following
example shows that the method may produce arbitrarily large
error (linear in the number of rates) compared with the optimal
tree. Consider the natural generalization of the example in
Figure 2 with an arbitrary number k of distinct rates. Its optimal
solution has a cost of about 1, whereas Maxemchuk’s method
returns a solution of cost about (k+1)/2. As there are 2k−1+1
nodes, this cost can also be written as 1+ 1

2 log2(n−1), where
n is the number of nodes in the graph. We conclude that the
approximation ratio of Maxemchuk’s algorithm is no better than
linear in the number of rates and no better than logarithmic in
the number of nodes in the graph.

B. The Charikar-Naor-Schieber Algorithm

The Charikar-Naor-Schieber algorithm [5] is the first
constant-factor approximation algorithm given for the QoS
Steiner tree problem. In its first step, all rates are rounded to
the closest power of two to produce the rounded up instance
of this problem (clearly, this at most doubles the cost of an
optimal solution). In its second step, Steiner trees are computed
separately for each rate (within some approximation ratio α).
The union of these trees is the final solution.

Replace each edge of rate 2i by edges of the rate
20, 21, . . . , 2i−1, 2i, respectively. In the new network, all edges
of a specific rate form a Steiner tree. Since the optimal cost in
this new network is no more than twice the cost of the rounded
up instance, taking the union of all the computed Steiner trees
introduces another factor of two to the approximation ratio.
Thus the final approximation factor is 2 · α · 2 = 4α.

Using a randomization technique, Charikar, Naor, and
Schieber [5] reduce the approximation ratio to eα ≈ 4.21,
where e ≈ 2.71 is the Euler constant and α ≈ 1.55 is the
currently best approximation ratio for the Steiner Tree problem.
The approximation factor has been further improved to 3.802
by Karpinski et al. [8].

C. Algorithms for Two or Three Rates

In practice, it is often the case that only few distinct rates
are requested by the terminals. This is why the QoS problem
with two or three rates has a long history [1], [2], [10], [17].
The previously-best results of [10] and [17] have produced
algorithms with approximation factor equal to 2.667 (provided
that the MST heuristic is used to compute Steiner trees).
Karpinski et al. [8] improved this ratio to 2.414 and showed
that it can be further improved to 1.96 if more sophisticated
time consuming Steiner tree algorithms are used.

III. PRIMAL-DUAL MOTIVATED ALGORITHMS

The QoSST problem can be formulated as an integer program
as follows. Consider a network G = (V,E, length, rate) with a
source node s and a set of terminal nodes. Let r1 < r2 < · · · <
rk be all rate values assigned to the terminals. It simplifies
notation to assume that every node has a rate by considering
an extra rate r0 = 0 (assign rate r0 to each non-terminal node).
Also, we may assume that s has the highest rate. Construct a
new network G′ = (V,E′, cost, rate) by replacing each edge
e of G with k edges (e, r1), (e, r2), . . . , (e, rk) and setting
cost((e, ri)) = ri · length(e).

Let x(e,r) be a boolean variable denoting whether edge e is
used at rate r in an optimum tree. The QoS Steiner tree problem
can be formulated as

min
∑

(e,r)∈E′
x(e,r) · r · length(e) (III.1)

s.t.
∑

(e,r)∈δ(C)
r≥rC

x(e,r) ≥ 1, ∀C ⊆ V \ {s} (III.2)

x(e,r) ∈ {0, 1} (III.3)
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where δ(C) denotes the set of edges with exactly one endpoint
in C and rC denotes the maximum rate of a node in C. Note
that (III.1) gives the cost of an optimal solution, while (III.2)
guarantees that each terminal is connected to the source through
a collection of edges of rate no less than its rate.

We relax the integrality constraints (III.3) and consider the
dual linear program. For each (e, r), we define C∗(e, r) =
{C ∈ V \ {s} : (e, r) ∈ δ(C), r ≥ rC}. In words, C∗(e, r)
is the set of subsets C of V \ {s} such that (e, r) has at least
one endpoint in C and r is at least as large as rC . Using this
definition, the dual is as follows:

max
∑
C

yC

s.t.
∑

C∈C∗(e,r)

yC ≤ r · length(e), ∀(e, r)

yC ≥ 0

A. The Naive Primal-Dual Method

The primal-dual framework applied to network design prob-
lems usually grows uniformly the dual variables associated to
the “active” components of the current forest [6]. This approach
fails to take into account the different rates of different nodes in
the QoS problem. In Figure 3 we give a modification, referred to
as the “Naive Primal-Dual” algorithm. Our modification takes
into account the different rates by varying the speed at which
each component grows. While the simulations in the ensuing
sections show that this is a good method in practice, the solution
it produces on some graphs may be very large compared to the
optimal solution, as shown by the following example.

Input: A graph G = (V, E, length, rate) with a source s in V and
a collection of terminals S ⊆ V .

Output: A QoS Steiner tree spanning the source and the terminals.

(1) Start from the spanning forest of G with no edges.
(2) Grow yC with speed rC for each “active” component C of the current

forest. (A component C is inactive if it contains s and all vertices of
rate rC .)

(3) Stop growing once the dual inequality for a pair (e, r) becomes tight,
with e connecting two distinct components of the forest.

(4) Add e to the forest, collapsing the two components.
(5) Terminate when there is no active component left.
(6) Keep an edge of the resulting tree at the minimum needed rate.

Fig. 3. The Naive Primal-Dual algorithm for the QoS Steiner Tree Problem.

(a) (b)

Fig. 4. The Restarting Primal-Dual avoids the mistake of the Naive Primal-
Dual. Part (a) shows duplication of the edges. Part (b) shows the components
growing along the respective edges.

The Frame Example. Consider two nodes of rate 1 connected
by an edge of length 1 (see Figure 4). There is an arc between
these two nodes, and on this arc there is a chain of nodes of rate

Input: A Graph G′ = (V, E, cost, rate) with source s, and a
collection of terminals S.

Output: A QoS Steiner Tree spanning the source and the terminal.

(1) Grow each active Cri with speed ri along incident edges (e, rj), j ≤ i,
picking edges which become tight.

(2) Continue this process until there is no active component of rate rk .
(3) Remove all edges which are not necessary for maintaining connectivity

of nodes of rate rk .
(4) Accept (keep in the solution) and contract all edges of Crk (i.e., set

their length/cost to 0)
(5) Restart the algorithm with the new graph

Fig. 5. The Restarting Primal-Dual algorithm for the QoS Steiner Tree Proble.

ε. Each two consecutive nodes in the chain are at a distance δ
from each other, where δ < 1. Each extreme node in the chain
is at a distance δ/2 of its neighboring rate-1 node.

The Naive Primal-Dual applied to this graph connects the
rate-ε nodes first, since δ

2 < 1
2 . So, the algorithm connects

the rate-1 nodes via the rate-ε nodes, and not via the direct
edge connecting them. Thus, the Naive Primal-Dual can make
arbitrarily large errors (just take an arbitrarily long chain).

B. Restarting Primal-Dual Algorithm

An improved algorithm is given in Figure 5. One can easily
see that this is a primal-dual algorithm. Indeed, each addition
of an edge to the current solution is the result of growing dual
variables. Moreover, since the feasibility requirement for edge
a is Σa∈δ(C)yC ≤ r · length(a), this addition preserves the
feasibility of the dual solution. The algorithm maintains forests
F ri given by the edges picked at rate ri, and the connected
components of F ri , seen as sets of vertices, are denoted in the
algorithm by Cri

. Such a component is active if rCri
= ri and

Cri
is disjoint from components of higher rate.

The Restarting Primal-Dual avoids the mistake made by the
Naive Primal-Dual on the frame example in Figure 4(a). Then,
at time δ

2 the rate-ε nodes become connected. This means
that δ(1 − ε) of each rate-1 edge between the ε-rate nodes is
not covered. Meanwhile, the rate-1 nodes are growing on the
respective edges as shown in Figure 4(b).

Let us assume that the Restarting Primal-Dual uses the chain
of rate-ε nodes to connect the two rate-1 nodes instead of the
direct edge. This would imply that it takes less time to cover
the chain, i.e., 1

2δ(1 − ε)n ≤ 1
2 − δ

2 , where n is the number
of rate-ε nodes. With ε small, we obtain nδ ≤ 1, so if the
Restarting Primal-Dual uses the chain then it is correct to do
so.

C. Primal-Dual 4.311-Approximation Algorithm

A primal-dual constant-factor approximation algorithm can
be obtained based on the enhanced integer linear programming
formulation below. It takes into account the fact that if a set
C ⊂ V \ {s} is connected to the source with edges of rate
r′ > rC , then there should be at least two edges of rate r′ with
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exactly one endpoint in C. The integer program is

min
∑

(e,r)∈E′
x(e,r) · r · length(e)

s.t.
∑

e∈δ(C)
r=rC

x(e,r) +
1
2

∑
e∈δ(C)
r>rC

x(e,r) ≥ 1, ∀C ⊆ V \ {s}

x(e,r) ∈ {0, 1}
The corresponding dual of the LP relaxation is

max
∑

C⊆V \{s}
yC

s.t.
∑

C :e∈δ(C)
rC=r

yC +
1
2

∑
C :e∈δ(C)

rC<r

yC ≤ r · length(e) (III.4)

yC ≥ 0

The core of the algorithm is presented in Figure 6. Before
that, we do a random bucketing of rates following [5]. Let a
be a real (to be picked later) and γ be a real picked uniformly
at random from the interval [0 . . 1]. Every node of rate r is
replaced by a node of rate aγ+j , where j is the integer satisfying
aγ+j−1 < r ≤ aγ+j .

The primal-dual part follows the classical framework [6],
and works in stages starting from the lower rate to the highest.
During the execution of the algorithm, edges are picked at a
certain rate (in other words, x(e,r) is set to 1) one by one.
Before executing step 3 at rate r for the ith time, the set of
edges picked at rate r by the algorithm forms a forest F r

i .
(An edge can be picked at several rates, but it is kept in at
most one such rate in the final solution because of the reverse
delete step.) A component C of F r

i is called an r-component
if rC = r.

Using Constraint (III.4), it follows by induction on j that,
for an edge e and a rate aγ+j , we have

∑
C :e∈δ(C)
rC≤aγ+j

yC ≤ length(e)aγ+j

j∑
i=0

(
1
2a

)i

≤ length(e)aγ+j 2a

2a − 1
.

Input: A graph G = (V, E, length, rate) with source s in V and
a collection of terminals S ⊆ V .

Output: A QoS Steiner tree spanning the source and the terminal.

(1) For each r = r1, r2, . . . , rk , execute steps 2-6.
(2) Start from the spanning forest F r of G with no edges.
(3) Grow yC uniformly for each r-component C of the current forest F r .
(4) Stop growing once the dual inequality for a pair (e, r) becomes tight,

with e connecting two distinct components of F r .
(5) Add (e, r) to F r , collapsing two of its components.
(6) Terminate when there is no r-component of F r left.
(7) Traversing the list of picked edges in reverse order, remove an edge

(e, r) from F r if after (e, r)’s removal the set of edges picked form a
feasible tree.

Fig. 6. The 4.311-approximation algorithm for QoS Steiner Tree.

For an edge picked by the algorithm at rate r, Constraint (III.4)
is tight and therefore

∑
C :e∈δ(C)
rC≤aγ+j

yC ≥ length(e)
2a − 2
2a − 1

aγ+j . (III.5)

Exactly as in [6], we have that the number of edges of rate
r in the final solution which cross the active r-components
at some moment (an edge being counted twice if it crosses
two r-components) is at most twice the number of active
r-components. Using Equation (III.5) and exactly the same
argument as in Theorem 4.2 of [6], we obtain that the cost of
the solution of the algorithm is bounded by (2(2a − 1)/(2a −
2))

∑
yC ≤ ((2a − 1)/(a − 1)) opt, as any feasible solution

for the dual linear program has value at most the value of any
feasible solution of the primal.

The same argument as in [5] shows that the approximation
ratio of the algorithm above is (2a − 1)/ ln a. Numerically
picking the best value for a, we obtain:

Theorem 3.1: The output cost of the algorithm on Figure
6 is at most 4.311 times the optimum cost.

IV. EXPERIMENTAL STUDY

All algorithms except the very recent 4.311-approximation
Primal-Dual were implemented in C++. The heuristics were
compiled using gpp with -O2 optimization, and run on a Sun
workstation Ultra-60. The experiments were run on random
testcases generated using GT-ITM generator [7] which is used
for modelling internet networks [4]. Table I gives a comparison
of the performance of of the aforementioned algorithms. The
experiments were conducted in the presence of no Steiner
nodes, respectively 50% Steiner nodes. Moreover, both arith-
metic and geometric distributions of rates were tested.

Table I gives the results of a multitude of experiments;
however, the results are fairly uniform throughout. It can be
observed that the Naive Primal-Dual and the Charikar-Naor-
Schieber algorithms most often produce comparable results
which are slight improvements over the results produced by
Maxemchuk’s algorithm. The Restarting Primal-Dual typically
produces the best result, which is typically 0.25 − 6 percent
better than the result produced by Maxemchuk’s algorithm; this,
however, occurs at the expense of greater CPU time. It can
also be observed that the difference between the algorithms
increases as the number of rates increases. Figures 7 and 8
illustrate these results in graphical form.

V. CONCLUSIONS

In this paper we have proposed new primal-dual heuris-
tics and approximation algorithms for the QoS Steiner Tree
problem. One limitation of the QoSST formulation is the
assumption that each link in the network is able to support
the maximum possible terminal rate. A more sophisticated
version of the problem would include a maximum possible
rate function maxrate : E → R

+, thus taking into account the
different types of links existing in real networks. Furthermore,
in practice maximum link rates would vary dynamically as a
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TABLE I

COST IMPROVEMENT OVER MAXEMCHUCK’S ALGORITHM (%) AND CPU

SECONDS FOR CHARIKAR-NAOR-SCHIEBER AND PRIMAL-DUAL

ALGORITHMS (AVERAGES OVER 10 TESTCASES).

50% steiner nodes, geometric progression rates
R N Maxem. Charikar Naive-PD Restart-PD

CPU %G CPU %G CPU %G CPU
1 200 0.017 0.00 0.017 -0.01 0.544 -0.01 0.325
1 300 0.050 0.00 0.052 0.04 1.372 0.04 0.946
2 200 0.027 0.00 0.026 0.43 1.271 1.03 1.125
2 300 0.070 0.00 0.072 0.93 4.573 2.17 3.747
5 200 0.044 0.00 0.044 -2.13 1.490 1.30 5.321
5 300 0.123 0.00 0.120 -0.91 5.221 1.10 16.798

10 200 0.065 0.00 0.068 -2.53 1.636 0.66 17.848
10 300 0.180 0.00 0.176 -2.61 6.582 0.24 107.125

50% steiner nodes, arithmetic progression rates
1 200 0.016 0.00 0.017 -0.01 0.541 -0.01 0.327
1 300 0.052 0.00 0.051 0.04 1.370 0.04 0.946
2 200 0.027 0.00 0.023 -0.69 1.373 -0.00 1.136
2 300 0.071 0.00 0.070 -0.32 4.491 0.24 3.773
5 200 0.043 -0.01 0.040 1.70 1.564 2.66 5.256
5 300 0.123 -0.10 0.107 1.92 5.392 4.19 17.271

10 200 0.067 1.79 0.043 4.25 1.556 6.11 16.856
10 300 0.181 2.36 0.126 3.38 5.444 5.73 92.575

0% steiner nodes, geometric progression rates
1 100 0.002 0.00 0.002 0.00 0.052 0.00 0.077
1 200 0.028 0.00 0.028 0.00 0.251 0.00 0.465
2 100 0.007 0.00 0.007 1.21 0.088 1.69 0.185
2 200 0.038 0.00 0.033 2.14 0.698 2.31 1.517
5 100 0.012 0.00 0.013 1.24 0.120 2.82 0.665
5 200 0.059 0.00 0.056 -0.25 1.296 1.70 6.314

10 100 0.019 0.00 0.018 -0.68 0.133 1.63 1.953
10 200 0.090 0.00 0.091 -1.97 1.466 0.73 20.525

0% steiner nodes, arithmetic progression rates
1 100 0.005 0.00 0.005 0.00 0.054 0.00 0.078
1 200 0.026 0.00 0.026 0.00 0.247 0.00 0.457
2 100 0.005 0.00 0.006 -0.11 0.111 -0.04 0.187
2 200 0.036 0.00 0.034 -0.02 1.078 0.30 1.570
5 100 0.011 -0.17 0.011 3.70 0.114 4.60 0.656
5 200 0.059 -0.15 0.052 3.13 1.235 3.85 5.952

10 100 0.019 2.62 0.012 6.65 0.113 7.12 1.922
10 200 0.091 2.67 0.058 5.83 1.203 6.38 17.689
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Fig. 7. The gain of several algorithms versus Maxemchuk’s algorithm, 50%
Steiner nodes.

result of concurrent traffic. Finding approximation algorithms
and practical heuristics for these generalizations is left as an
open problem.
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Fig. 8. The gain of several algorithms versus Maxemchuk’s algorithm, 0%
Steiner nodes.
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